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ABSTRACT

The article investigates the quality of algorithms for esimate the main

parameters of wideband signals in the problem of over�the�horizon radar

under conditions of dispersion distortions in the Earth's ionosphere. The

boundary values of the variances of the estimates of propagation delay,

frequency shift and phase, wideband phase�shift keyed signals are inves�

tigated. It is shown that dispersion distortions of the radar signal lead to

a correlation between the estimates of the delay and frequency shift.  The

curves of the dependence of the frequency�time ratio depending on the

length of the used pseudo�random sequence and the degree of dispersion

distortions are obtained. Analytical curves of the Cramer�Rao lower

bounds are constructed for the variances of estimates and the values of

the correlation coefficients of the estimated parameters in the presence

of dispersion distortions, which are confirmed by the results of simula�

tion. 
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Introduction 

Over-the-horizon radar systems operate in the 
shortwave range and are designed to detect targets at dis-
tances of the order of several thousand kilometers. The 
quantitative indicators of the quality of the radar system 
can be improved through the use of wideband signals. 
However, wideband signals are sensitive to the frequency 
dispersion of the ionospheric channel, which is the reason 
for a significant decrease in the quality of their detection 
[1-13]. In this paper, we study the influence of the fre-
quency dispersion of the ionosphere on the quality of the 
joint estimate of the Doppler frequency shift, delay, and 
initial phase. 

The signal and the channel model 

The complex signal at the output of the quadrature 
demodulator is presented as a mixture of the information 
signal, distorted by the frequency dispersion of the 
ionospheric channel, and white Gaussian noise 

, , , df , )s je e 2j fd t x tx(t ,s (n ),t
/ 2sst T / 2 T (1)

where x t s x t h, (t s,  – com) plex envelope of the useful 

signal distorted by the ionospheric channel, h t,s  – com-
plex envelope of the impulse response (IR) of the 
ionospheric channel, x t  – complex envelope of the 
useful signal undistorted, df  – the Doppler frequency 
shift, – delay, s – the slope of the dispersion character-
istic which characterize the effect of frequency dispersion 
on the signal,  – an unknown phase shift, n t( )  – com-
plex envelope of white Gaussian noise with zero mean 
and variance 2 , sT  – signal duration.  

As a model of a channel with frequency dispersion, a 
channel model with a linear dependence of the signal 
group delay on the central frequency (linear dispersion 
characteristic with slope s) [1] is adopted. The transfer 
function of the ionospheric channel in the absence of mul-
tipath signal propagation can be written in the form 

2
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where f  – width of the transfer function of the 
ionospheric channel, s  – the slope of the dispersion
characteristic. The phase-frequency response of the chan-
nel is described by a quadratic dependence on frequency, 
and the group propagation delay is described by a linear 
one with a slope s  s/MHz. We will assume that the
slope of the dispersion characteristic s  s/MHz is
known at the receiving side, while the delay , the Dop-
pler frequency shift df  and signal phase  – unknown 
non-energy parameters that need to be estimated. 

To estimate the parameters under study, it is proposed 
to apply the method of the maximum likelihood (ML). 
When using the ML method, the decision about the prox-

y t  –  additive mixture of useful signal quadratures and 
white Gaussian noise in continuous time, determined by 
(1), t, ,s f̂ , ˆ, ˆdu – ref rence signal generated on the

basis of a priori information about the useful signal, 
f̂d

 – the Doppler shift estimate, ˆ – delay estimate, 
ˆ  – estimate an initial phase, * – complex conjugate 

symbol. 
To analyze the effect of dispersion distortions on the 

quality of the estimate, we define the variance and cross-
correlation ˆ , f̂d

 and ˆ .  

The estimation variance lower bound 

The correlation of the estimate of unknown parameters 
in the first appr oximation [14] 
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 , (4) 

where  – determinant of a matrix W , consisting of a set 
of partial derivatives 

2
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, S  – real part of the signal 

component of the correlation integral (3), kiA  – algebraic 
complements of a matrix W , ml  – vector of parameter 
estimates, l  – vector of estimated parameters, 1i K ,  

1k K , K  – the number of estimated parameters (in 
the case considered in the article K 3 ), 

2
0SNR sE2 / N  – signal-to-noise ratio (SNR), 0N  – 

power spectral density (PSD) of white Gaussian noise. 
For coinciding indices i  and k  (4) corresponds to the 
variances of estimates of the parameters under study. 

Having carried out all the necessary mathematical 
transformations and calculations over expression(4), we 
obtain formulas that allow us to calculate the variances 
and cross-correlations of the estimates of the studied pa-
rameters in the first approximation: 
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where 
t x t

x t
eff
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T

dt

–– ef ctive signal dura-

tion, 
22

2
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X j f df

–– effective signal nd-

width, X 2j f  – complex signal spectrum x t ,

2

2

t( )
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tf x t dt

F T x t dt

–– t e-frequency ratio,

t( )
2sf dt
d –t  frequency modulation law signal x t ,

t  – argument x t , x t x t e j t . 

Simulation results 

To confirm the theoretical results, simulation model-
ing was carried out for a single rectangular pulse and a 
sequence of rectangular pulses with a spectral width 

F 400  kHz. Doppler frequency shift has been set df
– 0 kHz, delay  – 0.1 s, phase shift  – 90 degrees.
As a result of the simulation, graphs of the dependences 

f d
 on

coh

F
f

of the frequency-time ratio , 4
coh s

f

– ch nnel coherence bandwith for different types of sig-
nals.  

 1 shows this dependence for a single rectangular 
pulse and short sequences of rectangular pulses based on 
the Barker code of different lengths [15]. 

 2 shows the dependence of f d
 on  was obtained 

for a sequence of rectangular pulses based on Gold se-
quences of different lengths which obviously has small 
values of f d

.  

From the dependences shown in the figures, it can be 
concluded that the effect of frequency dispersion increas-
es the value of f d

, thereby making the correlation el-
lipse ever narrower, which negatively affects the quality 
of the joint measurement of the delay and of the Doppler 
frequency shift. 

Figure 1. Time-frequency ratio versus  

Figure 2. Time-frequency ratio versus for long sequences 

Also, during the simulation, the values of the parame-
ters f̂d , ˆ  and ˆ  were obtained, the standard deviation
and cross-correlation of estimates for different SNR val-
ues were calculated. The simulation was performed under 
s 70  s/MHz for a sequence of rectangular pulses of 
length N 7 . 

Figure 3 –  11 show the dependences of theoretical 
and sample standard deviation of the f̂d , ˆ  and ˆ  esti-
mates, and their cross-correlation functions and coeffi-
cient of cross-correlation versus SNR. 
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Figure 3. Standard deviation of the estimate versus SNR 

Figure 4. Standard deviation of the df  estimate versus SNR 

Figure 5. Standard deviation of the estimate versus SNR 

EsN0, dB

Figure 6. Cross-correlation between df  and  versus SNR 

Figure 7. Coefficient of cross-correlation 
between df  and  versus SNR 

Figure 8. Cross-correlation between df  and  versus SNR 
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EsN0, dB

Figure 9. Coefficient of cross-correlation between df
and  versus SNR 

Figure 10. Cross-correlation between  and  versus SNR 

Figure 11. Coefficient of cross-correlation 
between  and  versus SNR 

The above analysis of dependencies can draw the fol-
lowing conclusions: 

1. The figures show that the standard deviation of
the estimates of all the parameters studied in the article 
during their joint estimation is greater than if all parame-
ters were estimated separately from each other. This is 
due to the appearance of cross-correlations between esti-
mates. 

2. The results of theoretical studies and simulation
modeling showed the presence of a cross-correlation be-
tween the investigated estimates: 

dK f̂ ˆ, 0 , 

dK f̂ ˆ, 0 , K ˆ ˆ, 0 . Cross-correlation coeffi-

cients in the figures 7, 9, 11 shows that the cross-
correlation between the estimates f̂d  and ˆ , f̂d  and
ˆ , ˆ and ˆ  is significant, therefore, between the esti-

mates of these parameters there is an obvious correlation, 
which affects the quality of their joint estimate. 

Conclusion 

The article investigated the effect of frequency disper-
sion on the quality of the joint estimates of Doppler fre-
quency shift, delay and initial phase. In the present work, 
theoretical expressions are obtained for the variances and 
cross-correlations of estimates of the indicated unknown 
parameters for a signal with an arbitrary spectrum. It is 
shown that the effect of frequency dispersion increases 
the value of the time-frequency coupling coefficient, 
thereby making the correlation dependences between the 
investigated estimates stronger, which negatively affects 
the quality of the joint measurement of the delay and the 
Doppler frequency shift. 
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