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ABSTRACT

The purpose of this investigation is to develop a systematic
nonlinear analysis of the circuit in Figure 1, as yet not avail-
able in the literature, obtaining an exact formula for the oscil-
lation frequency. Then, we find the condition for the circuit to
behave as a relaxation oscillator, or as a nearly sinusoidal
oscillator, analyzing the circuit behavior around the equilibri-
um point through a circuit model accounting for the transis-
tor intrinsic capacitances. A nonlinear analysis of the popular
emitter-coupled multivibrator is performed, which is based on
the classical discontinuity theory. Exact relationships for cal-
culating its waveform are obtained. Then, we investigate the
circuit dynamic behavior showing that at very high frequen-
cies the circuit exhibits a completely different behavior, simi-
lar to an LC second-order nearly sinusoidal oscillator.
Conditions allowing us to predict one or the other behavior
are found.

KEYWORDS: Relaxation oscillations, emitter-coupled
multivibrator, nearly sinusoidal oscillators, differential VCOs.
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INTRODUCTION

The circuit shown in Figure 1 is the well-known emit-
ter-coupled astable multivibrator with a floating timing
capacitor [1]. This circuit, and its CMOS companion
[2],[3], which can be easily fabricated in monolithic form,
is widely used in applications involving waveform gener-
ation, such as voltage-controlled frequency, current-
controlled oscillators, and 1/Q cross-coupled oscillators
[4]. The circuit is commonly used as a relaxation oscilla-
tor providing a square wave at the collectors of transistors
at high frequencies. However, if it is not properly de-
signed, the circuit can exhibit a completely different be-
havior at very high frequency, giving rise to undesirable
nearly sinusoidal oscillations whose origin is not thor-
oughly elucidated.

The purpose of this investigation is to develop a sys-
tematic nonlinear analysis of the circuit in Figure 1, as yet
not available in the literature, obtaining an exact formula
for the oscillation frequency. Then, we find the condition
for the circuit to behave as a relaxation oscillator, or as a
nearly sinusoidal oscillator, analyzing the circuit behavior
around the equilibrium point through a circuit model ac-
counting for the transistor intrinsic capacitances. This
condition enables to elucidate the unusual dynamic be-
havior of the circuit. Essentially, we show that the circuit,
which does not have any apparent inductor, can operate
like an LC second-order oscillator, by suitably setting the
circuit parameters. This is made possible as the composite
two-terminal connected to the timing capacitance, which
has an S-type characteristic, behaves like a locally-active
inductive two-terminal, i.e. its behavior for small varia-
tions around the quiescent operating point is equivalent to
a series connection of a negative resistance and an induct-
ance.

Fig. 1. Schematic of a bipolar multivibrator
Finally, circuit simulations were performed to show
that both relaxation and nearly-sinusoidal oscillations can
be actually generated.

BEHAVIOR AS RELAXATION OSCILLATOR

As it is known, the condition for the circuit in Figure 1
to behave as an astable multivibrator is that the |-V char-
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acteristic of the composite two-terminal connected to the
capacitance C has a negative slope at its crossing point Q
with the axis | = 0 . In fact, by virtue of the presence of C,
this point defines the unique equilibrium configuration of
circuit, which is instable if the characteristic slope is
negative.

Assuming a purely resistive behavior of the active de-
vices, whose collector currents are expressed by the sim-
plified Ebers-Moll model Ig = Is exp(Vge /V1 ), from
equation V =R(l; = I, ) + (Vggz — Vgr1 ) , we deduce the
nonlinear characteristic V = F(l) of the composite two-
terminal, which is

14 1/1
V—w2R1+VTln{+—/”J

1-1/1, 1)

This characteristic is an odd function which has the
typical S-shape shown in Figure 2. To verify that the
above condition is met, it is sufficient to ascertain that the

derivative of (1) at the origin is negative, which happens
if VT <Rly.
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Fig. 2. Static [-V characteristic for the two-terminal
connected to the capacitor

The considered circuit is a degenerated self-oscillating
system wherein, as it is known, relaxation oscillations
take place. Its dynamic behavior is described by the first-
order nonlinear differential equation

I=-C 4 F(I)

dt 2

According to the Mandelstam postulate of constant
energy [5], we assume the possibility of the existence of
infinitely fast jumps of the current I. Accordingly, during
the oscillatory process, the system can jump from one
steady branch of the curve to the other, i.e. from the point
A to point B, and from the point C to the point D. Conse-
quently, the limit cycle is composed by two analytical
branches DA and BC, which are closed by the two discon-
tinuities AB and CD. The above assumption simplifies the
calculation of the steady-state oscillation, which is here
obtained by solving eq. (2).
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Before solving (2), we calculate the characteristic
points, A (Ic,—V,), C (—I¢,V¢ ) (Fig. 2), which are obtained
imposing that the derivative dV dI of (1) vanishes. Thus,
we get the current value

](,:[[)Vl—h »

VT
R, 3)

h=

and the corresponding voltage

h I=+1-h

The relaxation intervals, i.e. the analyticity interval of
the current I, are determined solving eq. (2), which can be
rearranged in the form

v, =Y i+, m[_‘”‘—hJ
4)

2CI,V
mcl——“,}"l di
g1 1

dt =
%)
Integrating this equation between the time instant im-

mediately after a jump, t,', when the current is very close
to Iy (let us call it i ), and a time instant t, we get

I I3 -1*
t=t5 +2RC(1—h)ln| — [+ RChln| ———
1; Iy =17 ©6)

which provides a relationship between the current and the
time, until the other characteristic point is reached. There-
fore, we can calculate the time between two consecutive
jumps, at t," and at t," + T, and, thus, the period of oscil-
lation of the multivibrator as T = 2T'. The oscillation fre-
quency results inf=1/T, i.e.

1 1
~4RC V. I V. 12-1°
1-—L |Inf = |+ —LIn| 2 —<

RI, I; 2RI, 12-1?

We conclude observing that the behavior analyzed is
characterized by a time-domain waveform of the current
presenting two intervals, during which the current varies
on the S-shape characteristic from ljto I, , and two instan-
taneous jumps from I; to |; . Therefore, the capacitor cur-
rent and, hence, the collector voltage have a near square
waveform.

f

(7

BEHAVIOR AS NEARLY SINUSOIDAL
OSCILLATOR

Now, we show that the circuit in Figure 1 can operate

either as a multivibrator, as shown in previous section, or
as a nearly-sinusoidal oscillator. In particular, we perform
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a small-signal analysis around the quiescent operating
point Q of circuit showing that it can be unstable and that
this instability can be associated with a pair of natural
frequencies of the linearized equivalent circuit, which are
complex-conjugate with positive real part. Consequently,
nearly sinusoidal oscillations can take place in the circuit.
To this end, we calculate the impedance seen looking into
the emitter terminals of the circuit connected to the capac-
itor C, which is represented by the equivalent circuit
shown in Figure 3.

This circuit is obtained using for the BJTs T, and T,
the simplified small-signal high-frequency model and
neglecting the output resistances.

From the circuit in Figure 3, we calculate the imped-
ance seen looking into the emitters

205 =k Ritshi+5d
(1+57,)(1+5T,) (8)
where
k=2/(+g,r,) : (%a)
Ri=r+rg+R—Rrz g, : (9b)
d=RrprzCrCy (9¢)
Ly =Cprg(rp +R)+
+Cylrz (ny +4R) + R+ g,y 17)] ; (9d)
r,ﬁ(lfgﬁ b T = Culp +4R). %)

Fig. 3. Small-signal equivalent circuit of the nonlinear
two-terminal connected to the capacitor

In order to investigate the behavior around the equilib-
rium point of the whole circuit in Figure 1, described by
the parallel connection of the capacitor and the two-
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terminal described by the linearized transfer function (8),
we analyze the roots of the describing equation

Z(s)(—sC) =1 (10)

which can be rewritten as

s°kdC+s* (kL,C+7,7,)
+5(kRC+7,+7,)+1=0 '(11)

The roots of equation (11), which can be real or com-
plex, determine different behaviors of the circuit. Actual-
ly, if at least one root is positive then the circuit is unsta-
ble and an oscillation can take place. Moreover, if all of
the roots are real the circuit behaves like a multivibrator,
while if two roots are complex-conjugate the circuit be-
haves like a near-sinusoidal oscillator. The value of the
roots and, hence, the actual behavior of the circuit de-
pends on the values assumed by the circuit parameters, as
shown in Figure 4, where the roots of (11) are plotted into
the s-plane for different values of the transistor parasitic
capacitances.

Parameters used are Iy = 3 mA, f = 50, R = 26Q,
r, = 160Q, C, = 0,1 C;, Vec =3 V, C = 1.5 pF and
Cr varies from 0.01 pF to 10 pF . Therefore, we deduce
that increasing parasitic capacitance values make the os-
cillator behavior to change from relaxation to near-
sinusoidal oscillator.

x10'"

6
Im
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Fig. 4. Root locus for equation (11)

Let us now consider the case that eq.(11) admits a pair
of complex-conjugate roots and the expression of Z(S) can
be simplified to

Z(s)=kR, +skL, . (12)

This impedance can be rewritten into the frequency
domain in the form

10
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Z(w)=R,+ jo L, (13)
with Re = kR, and L, = KL,. Thus, we deduce that the be-
havior of the cross-coupled transistor pair at the emitter
terminals can be equivalent to that of an inductance in
series with a resistance, which can be made negative.
Consequently, the considered two-terminal can be re-
ferred to as locally-active inductive two-terminal, and the
whole circuit in Figure 1 can be represented by the series
resonant circuit shown in Figure 5.

Fig. 5. Equivalent linearized circuit of the multivibrator
in Figure 1

Taking into account (12), it can be shown that (10) has
a pair of purely imaginary roots, + jwg, with

2 1
LC (14)

if the following condition holds

d
kL,C

R, =
(15)

Moreover, eq. (10) admits a pair of complex-conjugate
roots with a positive real part if the following start-up
condition

Rl < L
kL,C (16)

is met. Equations (14)-(16) allow us to easily design the
circuit in Figure 1 in order to operate as a nearly sinusoi-
dal oscillator. Anyway, it must be highlighted that the
steady-state oscillation frequency slightly differs from
that shown in (14), due to the effects of nonlinearity [6]
and because the circuit parameters are set in order to satis-
fy (16) and not (15).

When we need to use the complete expression (8) of
Z(s), it is easy to show that (11) admits a pair of purely
imaginary roots, + jwg, with

.7
a)ﬁ:L . L=kl +—
LC C (17)

when R; = Ry, having defined
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2
_ kdCawy -7, -1,
lim — ]

kC (18)

and the start-up condition becomes R; < Ryy,, which re-
lates in a simple way the circuit behavior to circuit pa-
rameters, both active and passive.

SIMULATIONS

Numerical simulations of the considered circuit have
been performed for different parameter values confirming
that it can exhibit different behaviors.

Using the parameters lp = 3 mA, B = 50, R = 26Q,
rn =160Q, C, = 0.1 fF, C, = 0,1 C;, Vec =3 V and to
C = 1.5 pF, the roots of describing equation of the linear-
ized model are real and two of them are positive. There-
fore, the circuit is unstable and behaves like a relaxation
oscillator, as shown by the SPICE transient simulation in
Figure 6.
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Fig. 6. Time-domain waveform produced by the circuit
operating as a relaxation oscillator

On the other hand, using the same circuit parameters
as above, just increasing the value of the parasitic capaci-
tances, i.e. Cr = 1 pF and C, = 0,1 pF, the linearized
model admits a pair of complex-conjugate roots with
positive real part.

In this case the equivalent circuit in Figure 5 predicts
an interaction between the equivalent inductance and the
external capacitance, leading to a near sinusoidal oscilla-
tion. As the start-up condition is satisfied, a near sinusoi-
dal oscillation is observed between the collectors (Vy), as
shown by the SPICE transient simulation reported in Fig-
ure 7.
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Fig. 7. Time-domain waveform produced by the circuit
operating as a nearly sinusoidal oscillator

CONCLUSIONS

We presented a nonlinear analysis of the emitter cou-
pled multivibrator, obtaining exact relationships for calcu-
lating its waveform. Then, we showed that the circuit can
operate as an LC-tuned nearly-sinusoidal oscillator by
suitably setting the circuit parameters. In this case, the
circuit represents an alternative realization of a differen-
tial VCO which does not require an external or integrated
inductor.
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