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ABSTRACT 

For various terrestrial and satellite radio systems, the task of detecting com-

plex signals under conditions of a priori uncertainty, when their parameters, 

including the modulation law, is unknown, is relevant. Detection of such 

signals can be combined with estimation (measurement) of their parame-

ters, such as carrier frequency and delay time. A method for calculating 

two-dimensional autocorrelation functions of noise-like complex signals 

has been developed and their types have been studied depending on the 

type of pseudo-random sequences on the basis of which they are formed, 

as well as the modes of emission of these signals in radio systems. Regu-

larities have been revealed in the statistical characteristics of side peaks of 

various types of complex signals depending on the length of pseudo-ran-

dom sequences and radiation modes. The developed methodology for cal-

culating the two-dimensional correlation function of complex signals made 

it possible to identify the relationship between the values of the side peaks 

of the correlation functions of pseudo-random sequences used in their for-

mation and the peaks of the modules of their two-dimensional correlation 

function. This approach allows, without a detailed calculation of the two-

dimensional correlation functions themselves in various modes of emission 

of complex signals, to determine their statistical characteristics using the 

corresponding parameters of the distribution functions of the side peaks of 

the correlation functions. The two-dimensional correlation function of vari-

ous complex signals was calculated and their statistical characteristics 

were studied. 
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1 Introduction 

Currently, for various terrestrial and satellite radio systems, the task of detecting com-
plex signals under conditions of a priori uncertainty, when their parameters, including the 
modulation law, is unknown, is relevant [1-3, 11]. Detection of such signals can be com-
bined with assessment (measurement) of their parameters, such as carrier frequency and 
delay time [4, 7]. In this case, it is necessary to calculate the two-dimensional correlation 
function of the received complex signal in the receiver. Without calculating this function, it 
is impossible to ensure the required accuracy in estimating the parameters of complex 
signals [11]. 

Knowledge of the statistical characteristics of the side peaks of a two-dimensional 
correlation function can significantly simplify the study of the probabilistic characteristics 
of joint detection and estimation of the parameters of complex signals [5, 12]. 

The goal of the work is to develop a methodology for calculating the two-dimensional 
correlation function of complex signals on the entire frequency-time plane, corresponding 
to the domain of their definition, taking into account the use of various types of pseudo-
random sequences in the formation of complex signals, as well as to study the parameters 
of the distribution functions of the side peaks of the two-dimensional correlation functions 
at unknown frequency and time delay of complex signals, called in this work the statistical 
characteristics of a two-dimensional correlation function. 

2 Methodology for calculating the two-dimensional correlation function 

The two-dimensional normalized correlation function, which is an analogue of the un-
certainty function and characterizes the influence of the time and frequency shift of the 
received signal relative to the expected one, is described by the formula [7]: 
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where E is the energy of complex signals; – time delay of the reference signal relative 
to the received one; f – the difference in frequencies of these signals; s t( ) – complex en-

velope of complex signals. Its time representation s(t) is described as follows: 
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where a – amplitude of complex signals; 
jd  1  – symbols of pseudo-random 

sequences used in complex signals formation [5, 7]; f0 – its carrier frequency; eT  – the 

duration of its elementary impulse. 
Then 
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From (1) it follows that the cross section of two-dimensional correlation function in 
frequency at   0  looks like: 
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where 
sT – complex signals duration.

At e  zT ( 1 z N 1 – shift of pseudo-random sequences of reference and received 

complex signals) from (1) it follows: 
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where N – total length of pseudorandom sequences; zT( , f )e e – two-dimensional corre-

lation function of an elementary symbol of complex signals; c j ,z j j z – d d  symbol of the

resulting pseudo-random sequences, formed by multiplying the j-th and j + z-th elementary 

symbols of pseudo-random sequences. The formation of symbols cj ,z  is illustrated in 

Figure 1 j ,zc

Fig. 1. Formation of symbols cj ,z .

In (5) two-dimensional correlation function of an elementary symbol of complex signals: 
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Then (5) is transformed by the following expression: 

1

 ( ,0) 
1 N


e

e ,j z
e j

zT
N 

c . (7) 

Let us consider the sections set of the function  zT( , f )e
 at 1,2...z Ne 1 and we 

will assume that the original complex signal is repeated Npov  times, i.e. N Npov eN . 

Then, taking into account (5), we obtain [6, 9]: 
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where 1,2,... povp  N – repetition number of pseudorandom sequences. 

The double sum in (8) is written as follows: 
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In (10), (11), firstly, the value of the parameter z changes, secondly, the parameter j, 
and finally p. 

Assuming that the members of the sum A form a two-dimensional array of numbers, 
we define it in the form of a matrix (Table 1). In it, its elements, the modules of which have 
the same values, are shaded with the same inclination of the strokes (m – the column 
number of this matrix, l is the row number). Let us group the matrix members in Table 1 in 
such a way that the sum of each group is determined by the values of the peaks of corre-
lation functions of pseudo-random sequences: aperiodic autocorrelation function, periodic 
autocorrelation function [2]. To do this, let’s analyze the patterns in the matrix given in 
Table 1 [1-3]. 

Table 1 

1)x pov eN NLet us introduce the notation: let  ( 0x ,1,...
– numbers of matrix diagonals (see Table 1), counted from its main diagonal, which

has a zero number (see Table 1) (matrix elements with the designation of the diagonal 

number are outlined in bold lines), ( 1y , 2,... )y pov eN N  – xitem number  -th diagonals

[3, 8]. 
The results of the analysis of this matrix show that on its diagonals, symmetrical rel-

ative to the main diagonal, there are complex conjugate elements Aml , whose arguments 

xare identified by their numbers  , and these arguments are equal x e 2 fT  at the ele-

ments l 0Am , located below diagonal with the number  . 
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These arguments are equal  2 fTx e  at the elements m
l xA , located above  -th 

matrix diagonals. Modules of these elements l j,z
Am  identical and equal c , where j and z 

are determined by numbers x  and y  this element: 
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p( 1)x ex z  N , where [ / N ] 1xx ep .   (13) 

[.] – integer part of a number. 
From (11) and (12) it follows that on the diagonals of the matrix in Table 1 with num-

bers p ( 1)x ex  N , that is, multiples eN , its elements are located Aml , whose modules 

are equal to one, i.e. 2
, 1j z jc d  , and do not depend on the value of the symbol of pseudo-

random sequences (in Table 1 these elements Aml  shown as ). Number of matrix di-

xagonals with numbers  , multiples eN , equals povN , and the number of lA
m  on each 

such diagonal it is equal pov e xN N  , taking into account (13) we obtain N (N  p  . 1)e pov x

Then 
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where zT( , f )pov e  – two-dimensional correlation function of an elementary complex 

signal repeated N pov  once, Ts e pov e N N T  – duration of pseudorandom sequences. 

On the diagonals of Table 1 with numbers that are not multiples eN , elements are 

found whose sum is equal to the values of the peaks of the periodic and aperiodic auto-
correlation function of pseudo-random sequences corresponding to time shifts 

( (p 1 N) )e x x e T , taking into account (11), e  zT . Sums of matrix elements 
lA
m , 

whose modules are equal to the values of the peaks of the periodic and aperiodic autocor-

relation function of pseudo-random sequences are shown in Table 1, respectively as 

and . On each of these diagonals there is N (e povN  p (  1) c) haracters  and 

p ( 1)e xN   characters  [3]. Character sums  and , which are on x -th The di-

agonals of the matrix in Table 1 are respectively equal to: 

 p( 1 2pov e e p N z fTe  and N p ) z( T )cos     ap zT( )cos 2e p 1 N ze fT , e    
where e  zT , 1xp p  , z is determined by (11), p e zT( )  and ap zT( )e  – values of 

peaks of periodic and aperiodic autocorrelation function corresponding to time shifts of 
pseudo-random sequences  . Summarizing all characters  and  matrices in Table 
1 and normalizing the sums with respect to pov eN N , we get: 
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Then the cross sections of a two-dimensional correlation function in a periodic mode 
during repetitions of the same pseudo-random sequence are described as follows: 
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In aperiodic mode 1povN  . Then from (14-17) it follows: 
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3 Typical types of two-dimensional correlation function of complex signals 

Using expressions (16, 17) describing the modules of the two-dimensional correlation 
function at 1povN  , their calculation was carried out when generating complex signals 

based on MP and pseudo-random Gold sequences [9]. These two-dimensional correlation 
functions, normalized with respect to eN , are shown in Figures 2-4, where the value is 

plotted along the frequency axis k  ( s e ek fT  10 N ,10N  ). 

Fig. 2. Modulus of the two-dimensional correlation function of a single complex signal formed 
on the basis of an MF with a length Ne = 511  
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Fig. 3. The module of two-dimensional correlation function of a single complex signal generated 
on the basis of pseudo-random Gold sequences with a length Ne = 511 

Fig. 4. The module of a two-dimensional correlation function of three copies of complex signals, 
shifted relative to each other in frequency and delay and formed on the basis of pseudo-random 
Gold sequences with a length Ne = 511 
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Analysis of Figures 2 and 3 shows that the two-dimensional correlation function of 
any complex signal has a main peak, the appearance of which does not depend on the 
type of pseudo-random sequences used in its formation. At the same time, the level of 
side peaks significantly depends on the type of such pseudo-random sequence. Analysis 
of Figure 4 shows that the relative shifts of the peaks of the resulting two-dimensional 
correlation function correspond to the shift of the three complex signals in frequency and 
time. The probabilistic characteristics of estimating the frequency parameters and time 
delay of the reference and received signals are largely determined by the level of the side 
peaks of the two-dimensional correlation function, compared to the level of the main peak 
[8, 13]. 

In a number of cases, people are interested in the characteristics of the real and im-
aginary parts of a two-dimensional correlation function. Their typical types are shown in 
Figures 5 and 6: 

Fig. 5. The real part of the two-dimensional correlation function of a single complex signal generated 
on the basis of an MF with a length Ne = 511 

Fig. 6. Imaginary part of the two-dimensional correlation function of a single complex signal 
formed on the basis of an MF with a length Ne = 511 
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As follows from the analysis of Figures 5 and 6, the imaginary part of the two-dimen-
sional correlation function does not have a central peak if the phase shift of the carrier 
frequencies of the reference and received complex signals is zero. 

4 Statistical characteristics of side peaks for two-dimensional correlation function 
of complex signals 

The following statistical characteristics [2-5] of a two-dimensional correlation function 
of complex signals are considered: 

– mathematical expectation of the peaks of the two-dimensional correlation function
of complex signals in a periodic mode: 

1
ee pov e

e pov

m ,zT f ,zT f
N N

 ( )(1 2 ( ));     (20) 

– root-mean-square deviation of the side peaks of the two-dimensional correlation
function of complex signals in periodic mode in the form: 
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2 2
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where p
2  and  2

ap  – dispersion of the side peaks of periodic and aperiodic autocorrela-

tion function. 
Table 2 
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Continuation of Table 2 

Table 3 
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Continuation of Table 3 

As a method for analyzing statistical characteristics, we consider the properties of the 
cross section of a two-dimensional function along the time axis with a frequency mismatch
f  and along the frequency axis with time mismatch e T  ( z 1), that is, the received 

signal is shifted relative to the reference one by one symbol in frequency and time [10, 11]. 
The results of calculating the statistical characteristics of the two-dimensional corre-

lation function for different types of complex signals are given in Tables 2 and 3, in which 
MP1, MP2, MP3, (Gold code) 1, (Gold code) 2, (Gold code) 3 are the designations of MP and 
Gold codes with the number of repetitions 1, 2 and 3. M1; M2; M3; M4; M10; M16 – designa-
tion of irreducible primitive polynomials, adopted in Table 3.2.1 [5]. 

The conducted studies show that real and imaginary parts of the two-dimensional 
correlation function cross sections of complex signals considered are distributed according 
to the Gaussian law. The Gaussian parameters change when the type of pseudo-random 
sequences used in the complex signals formation and mode of its radiation change. Their 
values are given in Table 2-3. Then the values of two-dimensional correlation function 
peak moduli are distributed according to Rice’s law [14]. 

5 Conclusion 

The developed methodology for calculating two-dimensional correlation function of 
complex signals made it possible to identify the relationship between values of the pseudo-
random sequences side peaks correlation functions used in their formation and peaks of 
their two-dimensional correlation function modules. This approach allows, without a 
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detailed calculation of the two-dimensional correlation functions themselves in various 
modes of emission of complex signals, to determine their statistical characteristics using 
the corresponding parameters of the distribution functions of the side peaks of the corre-
lation functions given in [5]. However, the two-dimensional correlation function of various 
complex signals was calculated and their statistical characteristics were investigated. 

An increase in the length of the pseudo-random sequence used to generate complex 
signals with an increase in the bandwidth occupied by it or an increase in its duration leads 
to a decrease in the level of the side peaks of the two-dimensional correlation function 
relative to the level of the central peak, as a result of which the shape of this function 
approaches the push-button one [4]. The standard deviation of two-dimensional correlation 
function side peaks of complex signals based on MF relative to their average value ap-
proaches zero and is significantly less than for the case of detecting three copies of same 
MF shifted in frequency and delay. The types of two-dimensional correlation function of 
complex signals generated on basis of different MPs are the same, and on the different 
pseudo-random Gold sequences basis – different, although they have the same values of 
statistical characteristics. 
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