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ABSTRACT 

The known static and dynamic wind speed influence models on the urban 
air purification degree from CO emitted by urban transport are analyzed. 
Three optimization problems of adaptive motor transport traffic organization 
of are formulated and solved on the dynamic model. It is proposed to intro-
duce a control function for the total emitted amount of wind speed CO de-
pending. The optimal function type is calculated, at which the pollutant rise 
height reduced to a minimum. The solution of the second optimization prob-
lem made it possible to determine those most unfavorable conditions, at 
which the safe distance to highway for a nearby settlement can reach a 
maximum. As a result of solving the third optimization problem, it is shown 
that the minimum average value of CO concentration at a certain height 
can be achieved with a certain dependence of wind speed horizontal com-
ponent on the height of point under consideration.  
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1 Introduction 

As noted in [1], currently 55% of the world's population lives in cities and by 2050 this 
figure will increase to 68%. Rapid urbanization has led to the fact that only 12% of city 
dwellers live in areas where air quality meets the requirements of the World Health Organ-
ization. Pollution of urban areas largely depends on the correct planning of urban devel-
opment and taking into account such a natural factor of urban air purification as wind. As 
noted in [2-5], the distribution of air pollutants largely depends on the characteristics of the 
air flow in the urban environment.  

At the same time, the problem of urban air pollution should be solved by proper plan-
ning of the urban transport network, taking into account the development and placement 
of densely populated areas. It is well known that the main air pollutants emanating from 
vehicles are CO, SO2, NO2 and aerosols. At the same time, the most potent of them on 
living organisms is carbon monoxide (CO). The study of the effect of wind on the spread 
of these pollutants to the level of permitted standards, carried out in [1], showed that under 
conditions of static wind, i.e. at constant wind speed, the decrease in pollutant concentra-
tion can be expressed as a decreasing exponential function of time 

𝑦 ൌ 𝑎ଵ expሺെ𝑎ଶ𝑡ሻ  (1) 

where a1, a2 are model indicators depending on wind speed; t is time. At the same time, it 
is obvious that wind speed is a dynamic parameter, which leads to the need to take this 
factor into account. In this regard, the most effective approach to solving this problem can 
be considered the mathematical model developed in the work [6], which took into account 
such indicators as CO emissions from the urban transport network, average atmospheric 
temperature, wind speed, traffic flow intensity, maximum permissible concentration of 
pollutants for the human body, and other indicators. Note that in many studies [7-10].  

CO is indicated as the main air pollutant from vehicles, the maximum concentration 
of which is 10 mg/m3 for 8 hours. According to the work [6], taking into account C = 0.01 g/m3, 
the minimum safe distance Dmin between the highway and the settlement can be expressed 
through the standard deviations of the pollutant level along the coordinates y and 

z𝜎௬ ൌ 0,32𝐷௠௜௡ (2) 

𝜎௭ ൌ 0,24𝐷௠௜௡ (3) 

In this case, Dmin is determined by the expression [6] 

𝐷௠௜௡ ൌ
௞∆௛భ/మொభ/ర

௎భ/ర (4) 

where h is the elevation (lift) distance of the pollutant (m); U is the wind speed; h is the 
total volume of CO emissions from motor vehicles; k is the coefficient depending on the 
model parameters. 

Note that formula (4) obtained in [6] allows us to formulate the following problems: (1) 
for a given Dmin, how should the Q parameter be controlled depending on the current wind 
speed in order to achieve the minimum value of ∆h; (2) for a given ∆h, how should the Q 
parameter be controlled in order to obtain the minimum value of Dmin (3) determining the 
average value of Dmin taking into account the altitude distribution of wind speed, i.e. the 
function U = U(h). 
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Materials and methods 

Let us consider the possibility of solving the first problem. We will rewrite expression 
(4) in following form 

௞మொభ/మ∆ℎ ൌ
஽మ

೘೔೙௎                                         (5)

Let us introduce for consideration the function of controlling the degree of CO 
emission, i.e. the indicator Q depending on the wind speed U, i.e. 

𝑄 ൌ 𝑓ሺ𝑈ሻ (6) 

Note that the control of Q indicator can be implemented by prohibiting the entry of 
heavy-duty transit vehicles and passing them along bypass routes at low wind speeds. 
Taking into account (5) and (6), we obtain 

మ
೘೔೙௎

∆ℎ ൌ
஽
మ௞ ඥ௙ሺ௎ሻ

(7) 

Since, unlike the model proposed in [1], we are considering a dynamic model of wind 
impact, we will consider the case when, over a period of time t, the wind speed increases 
from zero to Umax. Consequently, the average value h is determined as 

∆ℎ௖௣ ൌ
ଵ

௎೘ೌೣ
׬

஽మ
೘೔೙௎

௞మඥ௙ሺ௎ሻ

௎೘ೌೣ
଴

𝑑𝑈 (8) 

To solve the problem of determining the optimal function f(U), we impose the following 
restrictive condition on this function 

׬ 𝑓ሺ𝑈ሻ௎೘ೌೣ
଴

𝑑𝑈 ൌ 𝐶ଵ; 𝐶ଵ ൌ 𝑐𝑜𝑛𝑠𝑡 (9) 

Taking into account expressions (8) and (9), we will form the target functional of 
unconditional variational optimization  

𝐹ଵ ൌ
ଵ

௎೘ೌೣ
׬

஽మ
೘೔೙௎

௞మඥ௙ሺ௎ሻ

௎೘ೌೣ
଴

𝑑𝑈 ൅ 𝜆ଵ ቂ׬ 𝑓ሺ𝑈ሻ௎೘ೌೣ
଴

𝑑𝑈 െ 𝐶ଵቃ   (10) 

where  is the Lagrange multiplier. 
Solution to optimization problem (10) according to [11] must satisfy the condition 

ௗቊ
ವమ ೆ

ೆ೘ೌೣ

೘೔
ೖమ

೙
ඥ೑ሺೆሻ

ାఒభ௙ሺ௎ሻቋ

ൌ 0   (11) 
ௗ௙ሺ௎ሻ

From condition (11) 

െ
ଵ

ଶ

஽మ
೘೔೙௎

௎೘ೌೣ௞మ௙ሺ௎ሻయ/మ ൅ 𝜆ଵ ൌ 0   (12) 

From expression (12) 
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𝑓ሺ𝑈ሻ ൌ
య
ට

஽మ

ସఒ
೘೔೙௎మ

మ
భ௞ర   (13) 

when solving (13), F1 reaches a minimum, since expression (12) always has a positive 
derivative with respect to f(U). To calculate the value of , we can use formulas (9) and 
(13). We have 

׬
య
ට

஽మ
೘೔೙௎మ

మସఒభ௞ర

௎೘ೌೣ
଴

𝑑𝑈 ൌ 𝐶ଵ   (14) 

From expression (14) 

ඥ4𝜆
஼భ

׬
య
೘೔೙௎మ

௞

య
ට஽

ర
య

ଵ
ଶ ൌ

ଵ ௎೘ೌೣ
଴

𝑑𝑈   (15) 

From expression (15) 

𝜆ଵ ൌ
ଵ

ସ
ቈ

ଵ

஼భ
׬

௎మ

௞
ට஽య

೘೔೙
ర

௎೘ೌೣ య

଴
𝑑𝑈቉

ଷ/ଶ

  (16) 

Let us consider the possibility of solving the second problem mentioned above. 
Taking into account expressions (4) and (6), we will form the following functional 

𝐷௠௜௡.௖௣ ൌ
ଵ

௎೘ೌೣ
׬

୼௛௞మ௙ሺ௎ሻభ/మ

௎

௎೘ೌೣ
଴

𝑑𝑈   (17) 

To calculate the optimal function f(U), we use the restrictive condition (9). Taking into 
account expressions (17) and (9), we form the following objective functional 

𝐹ଶ ൌ
ଵ

௎೘ೌೣ
׬

୼௛௞మ௙ሺ௎ሻభ/మ

௎

௎೘ೌೣ
଴

൅ 𝜆ଶ ቂ׬ 𝑓ሺ𝑈ሻ௎೘ೌೣ
଴

𝑑𝑈 െ 𝐶ଵቃ   (18) 

where 2 is the Lagrange multiplier. 
The solution to problem (18) must satisfy condition 

ௗቊ
౴೓ మ భ/మೖ

ೆ
೑

೘ೌೣ

ሺೆሻ
ೆ

ାఒమ௙ሺ௎ሻቋ

ൌ 0   (19) 
ௗ௙ሺ௎ሻ

From condition (19) we obtain 

ଵ

ଶ

୼௛௞మ

௎೘ೌೣ௙ሺ௎ሻభ/మ௎
െ 𝜆ଶ ൌ 0   (20) 

From condition (20) 

𝑓ሺ𝑈ሻ ൌ
୼௛మ௞ర

మ మସ௎೘ఒమ௎మ   (21) 

When solving (21), the functional F2 reaches its maximum, since the derivative of 
expression (19) with respect to the desired function always turns out to be a negative value. 
To calculate 2, we can use expressions (9) and (21). We have 

׬
௎೘ೌೣ ୼௛మ௞ర

మ మସ௎೘ఒమ௎మ 𝑑𝑈 ൌ
଴

𝐶ଵ   (22) 
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From condition (22) 

𝜆ଶ ൌ ඨ
׬

౴೓మೖర
మ మ

ೆ೘ೌೣ
బ

஼భ

రೆ೘ഊమೆమௗ௎

   (23) 

Thus, according to the solution of the second problem, the maximum average value of 
pollutant lift can be obtained at minimum Q and maximum wind speed. Obviously, such a 
regime is completely unprofitable and should be avoided. 

Let us consider the solution of the third above-mentioned research problem. Next, we 
will study the optimal form of the function 

𝑈 ൌ 𝑈ሺ∆ℎሻ   (24) 

at which the average value Dmin would reach its minimum value. 
For the model solution of this problem, we will adopt the following restrictive condition 

׬ 𝑈ሺ∆ℎሻ𝑑ሺ∆ℎሻ∆௛೘ೌೣ
଴

ൌ 𝐶; 𝐶 ൌ 𝑐𝑜𝑛𝑠𝑡   (25) 

Taking into account expressions (4) and (24), we define the target optimization 
functional as 

𝐹ଵ ൌ
ଵ

∆௛
׬

భ
௞∆௛మொ

భ
ర

௎∆௛
భ
ర

∆௛೘ೌೣ
଴

𝑑ሺ∆ℎሻ   (26) 

Taking into account expressions (25) and (26), we will compose the objective 
functional F0 of unconditional variational optimization 

𝐹଴ ൌ
ଵ

∆௛೘ೌೣ
׬

భ
௞∆௛మொ

భ
ర

௎∆௛
భ
ర

∆௛೘ೌೣ
଴

𝑑ሺ∆ℎሻ ൅ 𝜆 ቂ׬ 𝑈ሺ∆ℎሻ𝑑ሺ∆ℎሻ∆௛೘ೌೣ
଴

െ 𝐶ቃ   (27) 

where  – is the Lagrange multiplier. 
The solution to problem (27) according to [11] must satisfy the condition 

ௗቐ
భ

∆೓೘ೌೣ

భ
ೖ∆೓మೂ

ೆሺ∆೓ሻ

భ
ర
భ
ర

ାఒ௎ሺ∆௛ሻቑ

ௗ௎ሺ∆௛ሻ
ൌ 0   (28) 

From condition (28) 

െ
ଵ

ସ

భ
௞∆௛మொ

భ
ర

∆௛೘ೌೣ௎ሺ∆௛ሻ
ఱ
ర

൅ 𝜆 ൌ 0   (29) 

From condition (29) 

ర
ఱ

𝑈ሺ∆ℎሻ ൌ
௞ ௛

ర
భబொ

ర
మబ

௛೘ఒ
  (30) 
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Taking into account expressions (25) and (30), we obtain 

ర ర
௞ఱொమబ

௛೘ఒ
׬ ೘ ℎభబ

ర

𝑑ℎ
௛

଴
ൌ 𝐶   (31) 

From condition (31) 

𝜆 ൌ
ଵ଴

ଵସ

ర
௞ఱொ

ర
మబ௛೘

ర
భబ

஼௛೘
  (32) 

From expressions (30) and (32) finally obtain 

𝑈ሺ∆ℎሻ ൌ
଻

ହ

஼୼௛
మ
ఱ

௛೘
ర   (33) 

Thus, when condition (33) is met, the Dmin indicator reaches a minimum on average. 
The fact that the minimum is reached is confirmed by the fact that the derivative of 
expression (29) with respect to the desired function is always a positive function. 

We rewrite expression (33) as 

  (34) 𝑈ሺ∆ℎሻ ൌ 𝐶ଵℎ
మ
ఱ

where  

𝐶ଵ ൌ
଻஼

ହ௛೘
ర   (35) 

Taking into account expressions (26) and (34), we calculate the minimum value of F1 
that can be achieved. We have 

𝐹ଵ௠௜௡ ൌ
ଵ

∆௛೘ೌೣ
׬

భ
௞∆௛మொ

భ
ర

భ
ర஼భ ሺ∆௛ሻ

భ
భబ

𝑑Δℎ
୼௛೘ೌೣ

଴
ൌ

௞ொ
భ
ర

భ
ర஼భ ∆௛೘

׬ Δℎభబ
ర

𝑑Δℎ
୼௛೘ೌೣ

଴

మ

ൌ 𝐶ଶΔℎఱ
௠௔௫    (36) 

where 𝐶ଶ ൌ
ହ௞ொ

భ
ర

଻஼భ

భ
ర

. 

Discussion 

The known static and dynamic models of wind speed influence on the urban air 
purification degree from CO emitted by urban transport are analyzed. It is noted that the 
known static model allows determining the time during which the concentration of CO in 
urban air can decrease to an acceptable level at a constant specified wind speed. A 
dynamic model of wind speed influence is considered, which allows calculating a safe 
distance to the highway at different wind speeds. Based on the dynamic model, two 
optimization problems are formulated and solved based on the adaptive organization of 
vehicle traffic. It is proposed to introduce the function Q = f(U), i.e. the function of controlling 
the total emitted amount of CO depending on the wind speed. Physically, the 
implementation of such a mode means introducing a restriction for some types of transport 
depending on the wind speed. The optimal type of the introduced function is calculated, at 
which h to the highway decreases to a minimum.  
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The solution of the second optimization problem made it possible to determine an 
unfavorable condition for practice, under which the safe distance to the highway can reach 
a maximum. According to the solution of the third optimization problem, it was found that 
the minimum average value of CO concentration at a certain height can be achieved with 
a certain dependence of the wind speed horizontal component on the point under 
consideration height. 

Key findings and conclusion 

1. It was determined that static and dynamic models were developed with respect to
the impact of wind speed on the degree of urban air purification, whereby the static model 
allows determining the air purification time, and the dynamic model allows calculating the 
safe distance to the highway. 

2. Based on the dynamic model, two optimization problems were formulated and
solved; according to the solution of the first problem, the conditions under which the height 
of the pollutant rise can reach a minimum were determined. According to the solution of 
the second problem, the most unfavorable conditions were determined under which the 
safe distance to the highway increases to a maximum. 

3. If, under the assumptions made above, the growth of h is accompanied by an
increase in the horizontal wind speed, then under the adopted restrictive condition, it is 
possible to achieve the minimum average value of CO concentration. 

4. The growth of h max, while the previously adopted conditions remain unchanged,
is accompanied by an increase in the achievable minimum average value of CO concen-
tration. 
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